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Introduction
Singular perturbation problems (SPPs) arise in many fields of applied mathematics, engineering and biological sciences such as fluid dynamics, electrical and electronic circuits and systems, electrical power systems, aerospace systems, nuclear reactors, biology and ecology [1] . In many applications [2, 3] , singularly perturbed convection-diffusion-reaction problems play a prominent role. SPPs are characterized by the presence of one or more small positive parameters multiplying the derivatives of the differential equations. Due to these small parame-ters, it is very difficult to obtain satisfactory numerical solutions for such problems. The solution to these problems show a multi-scale character i.e., the solution varies very rapidly in a narrow region whereas it varies slowly and uniformly outside these regions. This leads to boundary and/or interior layers in the solution to the problems. As classical numerical methods fail to ensure good approximations to these problems, one has to opt for non-classical methods. Details about the methods are seen in the book authored by Farrell et al. [4] . In the literature, articles mainly based on SPPs containing single second order ordinary differential equations are found. But only few authors have developed robust numerical methods for a system of singularly perturbed convection-diffusion as well as reaction-diffusion problems on smooth data [5] [6] [7] [8] [9] [10] . Very few researchers opt for problems with non-smooth data [11] [12] [13] [14] . The coupled system of singularly perturbed reaction-diffusion problems has applications in the modelling of various physical phenomena such as the turbulent interaction of waves and currents [6, 15] , predator prey population dynamics [16] , electro analytical chemistry [17] and the Oseen equations, which arise when using a fixed-point iteration to solve the Navier-Stokes equations written in velocity-pressure form, for large Reynolds number [18] . The coupled system of singularly perturbed convection-diffusion problems prevails in the modeling of optimal control situations and in certain resistance-capacitor electrical circuits [19] . A linearized Navier-Stokes equations written in rotation form will yield singularly perturbed convection-diffusion systems for large Reynolds number [18] .
Problems having two small parameters e and l associated with diffusion and convection terms respectively of the differential equations are called two-parameter SPPs. The applications of these type of problems are in chemical reactor theory, dc motor analysis [20, 21] , lubrication theory [22] , biology and chemistry. O'Malley [23] examined the nature of the asymptotic solution of two parameter singularly perturbed boundary value problems and identified that the ratio of l 2 to e was significant. After few decades, several researchers were attracted to work on two-parameter SPPs. The standard upwind finite difference scheme on Shishkin mesh was considered in [24, 25] and proved to be the first order parameter-uniform convergence. A parameter robust second order numerical method was constructed using a combination of central difference, mid-point and upwind schemes for singularly perturbed two-parameter problem by Gracia et al. [26] . Kumar [27] considered a numerical method involving classical finite difference scheme on a variable mesh. Shanthi et al. [28] proposed a robust numerical method using classical upwind finite difference scheme on Shishkin mesh for two-parameter SPPs with discontinuous source term. Using an adaptive grid technique, Mohapatra [29] derived a numerical scheme using the classical upwind finite difference scheme for two-parameter SPPs with smooth and non-smooth data. Das and Mehrmann [30] considered a linear 1-D singularly perturbed parabolic convection-diffusion-reac tion problems with two small parameters using a moving mesh-adaptive algorithm to solve numerically and presented the first-order parameter-uniform convergence.
So far, up to the knowledge of the authors, no one is considered the two-parameter problem for systems with nonsmooth data. Therefore, in this article, we have extended the analysis of single two-parameter problem with discontinuous source term given in [28] to the system of equations with discontinuous source terms except at the point of discontinuity. We have adopted the procedure followed in [31] at the point of discontinuity. A classical upwind finite difference scheme is used on piecewise-uniform Shishkin mesh to solve the system numerically. Motivated by the works of [24, 26, 28, 31] , we have developed a parameter-uniform numerical method to solve the following weakly coupled system of singularly perturbed reac tion-convection-diffusion problems with discontinuous source terms: 
Also, we assume that a ¼ minfa 1 ; a 2 g; b ¼ minfb 1 ; b 2 g and
The source terms f 1 ; f 2 are sufficiently smooth on X n fdg. Due to this discontinuity, interior layers arise in the solution of the problem. The jump at d is denoted in any function w with ½wðdÞ ¼ wðd þ Þ À wðd À Þ. Because f 1 ; f 2 are discontinuous at the point d, the solutions y 1 ; y 2 do not necessarily have a continuous second order derivatives at the point d, but the first derivatives of y 1 ; y 2 exist and are continuous. When l ¼ 1, the problem (1)-(4) is a well-known convection-diffusion problem [8, 10] and a boundary layer of width OðeÞ appears in the neighbourhood of x = 0 and when l ¼ 0, it is a reaction-diffusion problem [6, 11] and the boundary layers of width Oð ffiffi e p Þ appear in the neighbourhood of both x = 0 and x = 1. We consider the two cases (i) l 2 6 c a À Á e and (ii) l 2 P c a À Á e for the analysis of the twoparameter problem. In the first case, the problem is close to reaction-diffusion type whereas the second case is more complex. In the case of l 2 6 c a À Á e, layers of width Oð ffiffi e p Þ appear in the neighbourhood of x = 0 and x = 1 for both the solution components. In the second case of l 2 P c a À Á e, a layer of width Oð e l Þ appears in the neighbourhood of x = 0 and a layer of width OðlÞ appears near x = 1.
The problem (1)-(4) has a solution y 1 ; y 2 2 C 0 ðXÞ \ C 1 ðXÞ \ C 2 ðX À [ X þ Þ and the vector form of the problem is written as follows: P e;l yðxÞ Àey 00 ðxÞ À lAðxÞy 0 ðxÞ þ BðxÞyðxÞ ¼ fðxÞ; The rest of the paper is organized as follows. In Section 2, some analytical results of the continuous problem are discussed. The numerical method is described in Section 3. Error analysis of the method is carried out in Section 4. Numerical examples are provided in Section 5 to support the theoretical analysis and finally conclusions are given in Section 6.
Throughout this article, C denotes a positive generic constant independent of the nodal points, mesh size, the perturbation parameters e; l and the dimension of the discrete problem N and k:k denotes the pointwise maximum norm.
Theoretical results of continuous problem
In this section, the maximum principle, stability result and derivative estimates are established for the Boundary Value Problem (BVP) (1)- (4) .
Let the operator P e;l satisfies the following maximum principle on X.
Lemma 1 (Maximum principle). Suppose that yðxÞ 2 C 0 ðXÞ\ C 2 ðX À [ X þ Þ satisfies yð0Þ P 0; yð1Þ P 0; P e;l yðxÞ P 0; 8 x 2 X À [ X þ and ½y 0 ðdÞ 6 0, then yðxÞ P 0; 8 x 2 X.
such that tð0Þ > 0; tð1Þ > 0; P e;l tðxÞ > 0 and ½t 0 ðdÞ < 0.
Assume that the theorem is not true. i.e., yðxÞ < 0.
Then g > 0 and there exists a point x 0 such that
Further,
Case-(i): ðy 1 þ gt 1 Þðx 0 Þ ¼ 0, for x 0 2 X À [ X þ . It implies that ðy 1 þ gt 1 Þ attains a minimum at x ¼ x 0 . Therefore, 0 < P 1e;l ðy þ gtÞðx 0 Þ ¼ Àeðy 1 þ gt 1 Þ 00 ðx 0 Þ À la 1 ðx 0 Þðy 1 þ gt 1 Þ 0 ðx 0 Þ þ b 11 ðx 0 Þðy 1 þ gt 1 Þðx 0 Þ þ b 12 ðx 0 Þðy 2 þ gt 2 Þðx 0 Þ 6 0, which is a contradiction. Case-(ii): ðy 1 þ gt 1 Þðx 0 Þ ¼ 0, for x 0 ¼ d. It implies that ðy 1 þ gt 1 Þ attains a minimum at x ¼ x 0 . Therefore, 0 6 ½ðy 1 þ gt 1 Þ 0 ðx 0 Þ ¼ ½y 0 1 ðdÞ þ g½t 0 1 ðdÞ < 0, which is a contradiction. Case-(iii):
Hence yðxÞ P 0; 8 x 2 X. h Lemma 2 (Stability). Let y be the solution of (1)-(4), then kyk X 6 maxfjy 0 j;
Clearly, w AE ð0Þ P 0; w AE ð1Þ P 0. P 1 w AE 1 ðxÞ ¼ AEðÀey 00 1 ðxÞ À la 1 ðxÞy 0 1 ðxÞÞ þ b 11 ðxÞðM AE y 1 ðxÞÞ þ b 12 ðxÞðM AE y 2 ðxÞÞ ¼ ðb 11 ðxÞ þ b 12 ðxÞÞM AE P 1 yðxÞ P b maxfjy 0 j; jy 1 jg þ kf 1 k AE f 1 ðxÞ P 0:
Similarly, we get P 2 w AE 2 ðxÞ P 0. Therefore, P e;l w AE ðxÞ P 0; 8x 2 X À [ X þ .
Also, we have ½ðw AE Þ 0 ðdÞ ¼ AE½y 0 ðdÞ ¼ 0.
Then by maximum principle, we have w AE ðxÞ P 0; 8x 2 X, which gives the desired result. h
The following bounds on the derivatives can be obtained by using the procedure given in [24, 26] .
Lemma 3 (Bounds on the derivatives). Assuming that a 1 ;
1g, the derivatives of the solution y of (1)-(4) satisfy the following bounds
maxfkyk; kfk; kf 0 k; kf 00 kg:
Decomposition of the solution
In order to obtain parameter-uniform error bounds, we decompose the solution of (1)-(4) into regular and singular
where v AE is the regular component of the solution y and w AE l ; w AE r are the left and right singular components respectively of the solution y defined as
suitably chosen;
We first consider the case of l 2 6 c a À Á e:
are the solutions of the following problems:
Fitted mesh method for a weakly coupled system It is easy to verify that v satisfies
Similarly the singular components w AE l and w AE r are defined respectively as the solution of the following equations:
The following Lemmas 4-7 can be proved by using the maximum principle, stability result and the procedure adopted in [24, 26, 28] . 
¼ 0: Similarly the singular components w AE l and w AE r are defined respectively as the solution of the following equations: 
Thus the solution of y of (1)-(4) can be written as follows:
Discrete problem
In this section, a fitted mesh method for the continuous problem is introduced. A classical upwind finite difference scheme is used on a piecewise-uniform Shishkin mesh to obtain the numerical solution. The construction of the mesh of N intervals on the domain X is as follows: X is divided into six subintervals as
where s 1 ; s 2 ; s 3 ; s 4 are the transition parameters given by
and h 1 ; h 2 are defined in the previous section. On the intervals ½0; s 1 ; ½d À s 2 ; d; ½d; d þ s 3 and ½1 À s 4 ; 1, a uniform mesh with N 8 mesh intervals is placed, whereas ½s 1 ; d À s 2 and ½d þ s 3 ; 1 À s 4 have a uniform mesh with N 4 mesh intervals such that 0 < s 1 ; s 2 6 d 4 and 0 < s 3 ; s 4 6 ð1ÀdÞ 4 . The interior points of the mesh are denoted by
Clearly
Note that the mesh is uniform when s 1 ¼ s 2 ¼ d 4 and s 3 ¼ s 4 ¼ ð1ÀdÞ 4 . The six mesh widths are given by
Then the discrete problem corresponding to the continuous problem (1)-(4) is
P N e;l YðdÞ Àed 2 YðdÞ À lAðdÞD 0 YðdÞ þ BðdÞYðdÞ ¼ fðdÞ;
where
, fðdÞ ¼ f 1 ðdÞ f 2 ðdÞ and f i ðdÞ ¼
Here
Analogous to the continuous case, the following discrete maximum principle and discrete stability will hold good:
Lemma 8 (Discrete maximum principle). If Zðx i Þ is any mesh function and Zðx 0 Þ P 0; Zðx N Þ P 0; P N e;l Zðx i Þ P 0; 8 x i 2 X N e;l , then Zðx i Þ P 0; 8 x i 2 X N e;l .
Lemma 9 (Discrete stability). If Zðx i Þ is any mesh function, then kZðx i Þk 6 maxfjz 0 j; jz N jg þ 1 b maxfjP N e;l Zðx i Þjg; 8 x i 2 X N e;l .
Lemma 10. If Yðx i Þ is the solution of the discrete problem (12)- (14) , then
Proof. Using the continuous stability bound as given in Lemma 3, this Lemma can be proved. h
Error analysis
Let Yðx i Þ can be decomposed into the sum
and V þ are the mesh functions which approximate v to the left and right sides of the point of discontinuity x ¼ d respectively. Fitted mesh method for a weakly coupled system Let V À be the solution of the problem P N e;l V À ¼ fðx i Þ; x i 2 X N e;l \ X À ; V À ð0Þ ¼ vð0Þ; V À ðdÞ ¼ vðdÞ;
and let V þ be the solution of the problem
Similarly, let W À l ; W þ l and W À r ; W þ r be the mesh functions to approximate w l and w r on each side of x ¼ d respectively.
Let W À l ; W þ l ; W þ r and W þ r be the solutions of the following problems respectively:
; P N e;l V À ðdÞ þ P N e;l W À l ðdÞ þ P N e;l W À r ðdÞ ¼ P N e;l V þ ðdÞ þ P N e;l W þ l ðdÞ þ P N e;l W þ r ðdÞ:
Thus Yðx i Þ can be defined as
Lemma 11. The bounds on W À l ; W þ l ; W À r and W þ r are given by
where W À l ; W þ l ; W À r and W þ r are defined above and h i ¼ x i À x iÀ1 and h 1 and h 2 are defined above and they take values depending on the relation between l and e.
Proof. By choosing appropriate barrier functions and following the procedure adopted in [24, 26] , this Lemma can be proved. h 
Proof. For x i 2 X N e;l , we have jP N e;l ðV À vÞðx i Þj ¼ jP N e;l Vðx i Þ À P N e;l vðx i Þj ¼ jfðx i Þ À P N e;l vðx i Þj ¼ jðP e;l À P N e;l Þvðx i Þj
By choosing appropriate barrier functions and using discrete maximum principle, the desired result follows. h Using the classical argument [24] , we have jP N e;l ðW À wÞðx i Þj ¼ Àe
First, consider x i 2 X N e;l À for P 1 e;l N .
It is valid for both the cases (i) l 2 6 c a À Á e and (ii) l 2 P c a À Á e.
For x i 2 ð0; s 1 Þ, we have jP 1 e;l N ðW À l À w À l Þðx i Þj 6 CN À1 ln N 1 þ l ffiffi e p 3 ! 6 CN À1 ln N; for l 2 6 c a e: 
Proof. Similar to the procedure adopted in [31] , the proof is given as follows:
Let h þ and h À be the mesh interval sizes on the right and left side of the point x ¼ d; h ¼ h À þh þ 2 and h ¼ maxfh À ; h þ g. From Tables 3, 4,7 and 8, it is noted that when l 2 P c a À Á e, the orders approach the first order. However, when l 2 6 c a À Á e, we observe the appearance of the second order rates. The numerical solution and error for Example 1 for both the cases are plotted in Figs. 1 and 2.
Conclusions
Motivated by the works of two parameter problems, a weakly coupled system of singularly perturbed reaction-convectiondiffusion boundary value problems with discontinuous source term was examined. A difference scheme using fitted mesh method on Shishkin mesh was constructed to solve the problem which generates parameter-uniform convergence. Numerical results were presented, which agree with the theoretical results.
Remark. The authors are currently developing numerical methods to obtain second order convergence for the coupled system of singularly perturbed reaction-convection-diffusion problems. 
